Abstract. In this paper we revisit a Poincaré lemma for foliated forms, with respect to a regular foliation, and compute the foliated cohomology for local models of integrable systems with singularities of nondegenerate type. A key point in this computation is the use of some analytical tools for integrable systems with nondegenerate singularities, including a Poincaré lemma for the deformation complex associated to this singular foliation.
Introduction
In [9] Vu Ngoc and the first author of this paper proved a singular Poincaré lemma for the deformation complex of an integrable system with nondegenerate singularities. This complex is the ChevalleyEilenberg complex [1] associated to a representation by Hamiltonian vector fields of this integrable system on the set of functions (modulo basic functions). The initial motivation for [9] was to give a complete proof for a crucial lemma used in proving a deformation result for pairs of local integrable systems with compatible symplectic forms. This deformation proves a Moser path lemma which is a key point in establishing symplectic normal formsà la Morse-Bott for integrable systems with nondegenerate singularities [2, 3, 7] . This normal form proof can be seen as a "infinitesimal stability theorem implies stability" result in this context (see [8] ). So the Poincaré lemma turns out to be an important ingredient in the study of the Symplectic Geometry of integrable systems with singularities.
In this paper we use the Poincaré lemma of the deformation complex to compute some cohomology groups associated to the singular foliation defined by the Hamiltonian vector fields of an integrable system. In particular, we consider the analytic case, in which this computation becomes simpler and can be done in full generality.
A Poincaré lemma exists when the foliation is regular, and an offspring of this is a Poincaré lemma in the context of Geometric Quantization, in which the considered complex is a twisted complex from foliated cohomology: the Kostant complex. This Poincaré lemma turns out to be handy because it allows to compute a sheaf cohomology associated to Geometric Quantization. We enclose a sketch of the proof of these two Poincaré lemmata.
If we consider singularities into the picture, the whole scenario changes. As concerns the analytical tools, what makes the difference between the regular and singular case are the solutions of the equation X(f ) = g for a given g and a given vector field X. When the vector field is regular, we can solve this equation by simple integration no matter which function g is considered. If the vector field is singular, then this is a nontrivial question. Solutions may exist or not depending on some properties of the function g and the singularity of the vector field X. For instance, solutions of this equation are studied in [4] .
The nonexistence of solutions of equations of type X(f ) = g are interpreted in this paper as an obstruction for local solvability of the cohomological equation d F β = α, for a given foliated closed k-form α. Indeed, the fact that the vector fields defining the foliation commute adds an additional ingredient for the simultaneous solution of several equations of this type, which was already exploited in [9] and is further studied in this paper.
Organization of this paper: In section 2 we describe the geometry of the singular foliations considered in this paper. We recall in section 3 the singular Poincaré lemma for a deformation complex contained in [9] . We revisit in section 4 the proof of the regular Poincaré lemma using homotopy operators provided in [5] , indicate how to apply these techniques to prove a Poincaré lemma for regular foliations and show an application to Geometric Quantization. In section 5 we consider the case when the foliation given by the integrable system has rank 0 singularities and compute the foliated cohomology groups.
Singular foliations given by nondegenerate integrable systems
An integrable system on a symplectic manifold (M, ω) of dimension 2n is a set of n functions f 1 , . . . , f n ∈ C ∞ (M) satisfying df 1 ∧· · ·∧df n = 0 over an open dense subset of M and {f i , f j } = 0 for all i, j. The mapping F = (f 1 , . . . , f n ) : M → R n is called a moment map. The Poisson bracket is defined by {f, g} = X f (g), where X f is the unique vector field defined by ı X f ω = −df : the Hamiltonian vector field of f .
The distribution generated by the Hamiltonian vector fields of the moment map,
, the leaves of the associated (possibly singular) foliation are isotropic submanifolds; they are Lagrangian at points where the functions are functionally independent.
There is a notion of nondegenerate singular points which was initially introduced by Eliasson [2, 3] . We may consider different ranks for the singularity. To define the k-rank case we reduce to the 0-rank case considering a Marsden-Weinstein reduction associated to a natural Hamiltonian T k -action [17, 10] given by the joint flow of the moment map F .
We denote by (x 1 , y 1 , . . . , x n , y n ) a set of coordinates centred at the origin of R 2n and by
In the rank zero case, since the functions f i are in involution with respect to the Poisson bracket, their quadratic parts commute, defining in this way an Abelian subalgebra of Q(2n, R) (the set of quadratic forms on 2n-variables). These singularities are said to be of nondegenerate type if this subalgebra is a Cartan subalgebra.
Cartan subalgebras of Q(2n, R) were classified by Williamson in [16] .
there is a symplectic system of coordinates (
and a basis h 1 , . . . , h n of H such that each h i is one of the following:
Observe that the number of elliptic components k e , hyperbolic components k h and focus-focus components k f is therefore an invariant of the algebra H. The triple (k e , k h , k f ) is an invariant of the singularity and it is called the Williamson type of H. We have that n = k e + k h + 2k f . Let h 1 , . . . , h n be a Williamson basis of this Cartan subalgebra. We denote by X i the Hamiltonian vector field of h i with respect to the Darboux form. These vector fields are a basis of the corresponding Cartan subalgebra of sp(2n, R). We say that a vector field X i is hyperbolic (resp. elliptic) if the corresponding function h i is so. We say that a pair of vector fields X i , X i+1 is a focus-focus pair if X i and X i+1 are the Hamiltonian vector fields associated to functions h i and h i+1 in a focus-focus pair.
In the local coordinates specified above, the vector fields X i take the following form:
• X i is an elliptic vector field,
• X i is a hyperbolic vector field,
3)
• X i , X i+1 is a focus-focus pair, (2.4)
Assume that F is a linear foliation on R 2n with a rank 0 singularity at the origin. Assume that the Williamson type of the singularity is (k e , k h , k f ). The linear model for the foliation is then generated by the vector fields above, it turns out that these type of singularities are symplectically linearizable and we can read of the local symplectic geometry of the foliation from the algebraic data associated to the singularity (Williamson type) . This is the content of the following symplectic linearization result in [2] , [3] , [7] (smooth category) and [13] (analytic category), Theorem 2.2. Let ω be a smooth (resp. analytic) symplectic form defined in a neighbourhood U of the origin and F a linear foliation with a rank zero singularity, of prescribed Williamson type, at the origin. Then, there exists a local diffeomorphism (resp. analytic diffeomorphism) φ : U −→ φ(U) ⊂ R 2n such that φ preserves the foliation and φ * (
Futhermore, if F ′ is a foliation that has F as a linear foliation model near a point, one can symplectically linearize F ′ (see [7] ). This is equivalent to Eliasson's theorem [2, 3] when the Williamson type of the singularity is (k e , 0, 0).
The classification of singularities of integrable system changes in the analytic category. This was already considered by Vey in [13] and it is simpler because the Williamson type of the singularities is (k e , k h , 0).
There are normal forms for higher rank which have been obtained by the first author together with Nguyen Tien Zung [7, 10] also in the case of singular nondegenerate compact orbits. When the rank of the singularity is greater than 0, a collection of regular vector fields is also attached to it.
A singular Poincaré lemma for a deformation complex
This section revisits the main results contained in [9] . Consider the family X i of singular vector fields given by Williamson's theorem above which form a basis of a Cartan subalgebra of the Lie algebra sp(2r, R) with r ≤ n. . . g r , be a set of smooth functions on R 2n with r ≤ n fulfilling the following commutation rela-
where the X i 's are the vector fields defined above. Then there exists a smooth function G and r smooth functions f i such that,
. . , r} and
It is also included in [9] an interesting reinterpretation of this statement in terms of the deformation complex associated to an integrable system. We think that it is instructive to explain this succinctly here (we refer the reader to [14] and [9] for more details).
Using the same notation of the last section, let h = h 1 , . . . , h n R and
Abelian Lie subalgebra of (C ∞ (R 2n ), {·, ·}) and C h is its centralizer.
The components of the moment map induce a representation of the commutative Lie algebra
Where, denoting by (e 1 , . . . , e n ) a basis of R n , v = v 1 e 1 + · · · + v n e n and
We can consider two Chevalley-Eilenberg complexes with the above action in mind, and the deformation complex is built from them. The first is the Chevalley-Eilenberg complex of R n with values in
The second is the Chevalley-Eilenberg complex of R n with values in C ∞ (R 2n )/C h (with respect to this action, R n acts trivially on C h ), where we denote
Finally we define the deformation complex as follows:
the map ∂ h is defined by the following diagram (where all small triangles are commutative):
The cohomology groups associated to this complex are denoted by
If α is a 1-cocycle, then for any smooth function g i with α(
Theorem 3.1 says that there exists a function G such that 
Homotopy operators and a regular Poincaré lemma for foliated cohomology
Let us recall the following construction due to Guillemin and Sternberg [5] which generalizes, in a way 1 , the classical proof of Poincaré lemma.
Consider Y ⊂ M an embedded submanifold and let φ t be a smooth retraction from M to Y . Given any smooth k-form α, the following formula holds:
where ξ t is the vector field associated to φ t . Thus, defining
Now assume that α is a closed form, formula 4.2 yields α − φ * 0 (α) = d•I(α), and therefore I(α) is a primitive for the closed k-form α−φ * 0 (α). This has been classically applied considering retractions to a point in contractible sets or to retractions to the base of a fiber bundle. In the context of Symplectic and Contact Geometry, this homotopy formula leads to the so-called Moser's path method [11] . As said before, formula 4.2 does not, a priori, give a primitive for α but for the difference
1 The proof contained in [15] makes a particular choice of retraction on starshaped domains 2 The vector field ξ t is the radial one when the retraction is φ t (p 1 , . . . , p n ) = (tp 1 , . . . , tp n ), and this formula coincides with the one of Warner [15] , giving a primitive for α.
This technique can also be applied for regular foliations. This approach using the general homotopy formula of Guillemin and Sternberg has the advantage that some choices on the retraction can be done in such a way that the vector field ξ t is tangent to special directions in M, thus, allowing an adaptation to the foliated cohomology case.
4.1. Foliated cohomology. Let (M, F ) be a foliated m-dimensional manifold and n the dimension of the leaves. The (regular) foliation can be thought as a subbundle of T M, which is often denoted by T F .
The foliated cohomology is the one associated to the following cochain complex:
where
is the space of smooth functions which are constant along the leaves of the foliation, and d F is the restriction of the exterior derivative, d, to T F .
We can prove a Poincaré lemma for foliated cohomology, of a regular foliation, using equation 4.2 by considering local coordinates in which the foliation is given by local equations dp n+1 = 0, . . . , dp m = 0, and the retraction is given by (tp 1 , . . . , tp n , p n+1 . . . , p m ); the vector field ξ t is tangent to the relevant foliation. One could try to mimic similar formulae to prove a singular Poincaré lemma for a foliation given by an integrable system with nondegenerate singularities. The main issue of adapting such a proof is the smoothness of the procedure. Indeed, as we will see later, the adaptation of such a procedure is not possible since the cohomology groups do not vanish if the foliation is singular.
Whilst the de Rham complex is a fine resolution for the constant sheaf R on M, the foliated cohomology is a fine resolution for the sheaf of smooth functions which are constant along the leaves of the foliation. proportional to the symplectic form). And a real polarization F is an integrable subbundle of T M (the bundle T F ) whose leaves are Lagrangian submanifolds, i.e., F is a Lagrangian foliation. The restriction of the connection ∇ ω to the polarization induces an operator
Let J denotes the space of local sections s of a prequantum line bundle L such that ∇s = 0. The space J has the structure of a sheaf and it is called the sheaf of flat sections.
The quantization of (M, ω, L, ∇, F ) is given by If S denotes the sheaf of sections of the line bundle L, the Kostant complex is
because the curvature of ∇ vanishes along the leaves.
Lemma 4.1. There is always a local unitary flat section on each point of M.
By the Poincaré lemma for foliations (theorem 4.1) there exists a neigh- 
The Kostant complex is just the foliated complex twisted by the sheaf of sections S, and exactness of the foliated complex implies exactness of the Kostant complex.
Theorem 4.2. The Kostant complex is a fine resolution for J . Therefore, its cohomology groups are isomorphic to the cohomology groups with coefficients in the sheaf of flat sectionsȞ k (M; J ) and thus compute Geometric Quantization.
Rawnsley provided a proof of this fact in [12] .
The singular case
The main objective of this section is to use the Poincaré lemma of the deformation complex to compute foliated cohomology. We start this section by recalling a definition of foliated cohomology that is going to be used in the singular case. We then introduce some analytical tools that we need to compute these groups. These analytical tools are mainly a series of decomposition results for functions with respect to vector fields. Finally, in the last subsection we enclose explicit computations of the cohomology groups.
Roughly, elements of these cohomology groups are given by a collection of functions wich are constant along the leaves of the foliation, fulfilling additional constraints. This is an example of a Lie pseudo algebra representation (see [6] for precise definitions and a nice account for the history and, various, names of this structure) and one can, then, consider the following complex 3 :
With the differential defined by
with Y 1 , . . . , Y k+1 ∈ F . The cochain spaces are defined by
. The differential is a coboundary operator and the associated cohomology is denoted by H 
Proof. At every point p ∈ R 2n the map α ∈ Ω k F (R 2n ) reduces to an element of ∧ k F p * . Since X i = 0 at Σ i , for any p ∈ Σ i and vectors
. . , Y k−1 (p) ∈ F p , the following expression holds:
Therefore α(X j 1 , . . . , X j k ) Σ i = 0 for i = j 1 , . . . , j k .
3 The Lie pseudo algebra cohomology with respect to that particular representation. 
5.2.
for all j 1 , . . . , j k and some fixed k ≤ m.
Remark 5.2. It is important to point out that if
is Taylor flat at {p 1 = · · · = p k = 0}, then it is the zero function.
Definition 5.3. Given integer numbers k e and k h , we will call a smooth function f ∈ C ∞ (R 2n ) complanate if it can be written as
where each T i is a Taylor flat function at Σ i . A noncomplanate function is one for which such an expression cannot be found.
We can find special decompositions for smooth functions like f = f i + X i (F i ). The following result is a summary of results contained in [7] and [9] , Lemma 5.1. Assume that the origin is a singularity of Williamson type
uniquely defined up to Taylor flat functions at Σ i ; (3) one can choose f i and F i such that X j (f i ) = X j (F i ) = 0 whenever X j (f ) = 0 for j = i; (4) if f vanishes at the zero set of any vector of a Williamson basis, so does the function f i and one can choose F i vanishing at the zero set, as well; (5) X i (f ) = 0 implies that f depends on x i and y i via h i :
=f (x 1 , y 1 , . . . , x i y i , . . . , x n , y n ) , where
The case when X i is an elliptic vector field was proved in [2, 3, 7] ; [7] also has a proof when X i is a hyperbolic vector field.
Remark 5.3. The proofs contained in [7] can be adapted for the analytic category: for hyperbolic singularities the formal proof yields the corresponding analytic statement, whilst the integrals defining the elliptic decomposition entail the analyticity of the construction. This is the version of the lemma used in the proof of theorem 5.3. Furthermore, the uniqueness of the decomposition holds for both types of singularities, since there are no flat functions (apart from the zero function) in the analytic category.
Computation of foliated cohomology groups.
We will distinguish between the smooth and the analytic category.
In the smooth case we can completely determine the cohomology groups in degree 1 and n for Williamson type (k e , k h , 0), and in all degrees for Williamson type (k e , 0, 0). In the analytic case the computations are done in all degrees. endowed with a smooth distribution F generated by a Williamson basis of type (k e , k h , 0), then the following decomposition holds:
for all i, and if X i is of hyperbolic type β(X i ) is not Taylor flat at Σ i (when it is nonzero). Thus, the foliated cohomology group in degree 1 is given by: 
can be given by n functions vanishing at certain points (proposition 5.1) and satisfying some Taylor flat condition, e.g.: dx i ∧ dy i ) endowed with a smooth distribution F generated by a Williamson basis of type (k e , k h , 0), then the following decomposition holds:
for all i, and if β(X 1 , . . . , X n ) = 0, it is noncomplanate. Thus, the foliated cohomology group in degree n is given by:
; f Σ 1 ∪···∪Σn = 0 and f is noncomplanate or zero}
), lemma 5.1 asserts that α(X 1 , . . . , X n ) = f 1 + X 1 (F 2···n ) with
Repeating this process for all X i , one finally gets
with f ∈ C ∞ F (R 2n ), i.e.: there exists β ∈ Ω n F (R 2n ) and ζ ∈ Ω n−1
satisfying α = β + d F ζ and £ X i (β) = 0 for all i (again, proposition 5.1 and item 4 of lemma 5.1 guarantee that the forms are well defined). The foliated n-form β is exact if and only if there exists σ ∈ Ω n−1
Applying lemma 5.1,
with X 1 (g 
) has solution if and only if (5.14)
where X 1 (T 1 ) = 0 and, if T 1 = 0, it is Taylor flat at Σ 1 . Once more, applying lemma 5.1 to T 1 and g
1···î···n
with respect to X 2 , (5.15)
) = 0 and T 12 is Taylor flat at Σ 1 because X 1 (T 1 ) = X 1 (g 12 1···î···n ) = 0 and T 1 is Taylor flat at Σ 1 . Now, replacing equations 5.15 and 5.16 in 5.14, using [X i , X j ] = 0 and because of lemma 5.1, (5.17)
) has solution if and only if
) ,
where X 1 (T 2 ) = X 2 (T 2 ) = 0 and, if T 2 = 0, it is Taylor flat at Σ 2 . The next step is to decompose T 2 , T 12 and g
with respect to X 3 and argue as before. Continuing with this process for all X i one obtains β(X 1 , . . . , X n ) = T n +T (n−1)n +· · ·+T 1···n , where T n , . . . , T 1···n ∈ C ∞ F (R 2n ) and, if T i···n = 0, it is Taylor flat at Σ i .
We were assuming k e = 0 and k h = n. The case when k e = 0 is straightforward: just forget about Taylor flatness for those indices.
From
can be given by a function vanishing at certain points (proposition 5.1) and being noncomplanate: Before proving theorem 5.3, it is worthwhile to look at a particular (smooth) case to illustrate its intricacy.
a Williamson basis. If both X 1 , X 2 are of hyperbolic type and X 3 is of elliptic type, then:
Lemma 5.1 gives
by uniqueness (lemma 5.1),
with X 3 (f 12 ) = 0 and (5.24)
it is clear that d F α 3 = 0 (proposition 5.1 and item 4 of lemma 5.1 guarantee that it is well defined). Theorem 5.1, then, implies
. In other words:
Applying repeatedly lemma 5.1, for each X i with i = 3, to the function f 12 one gets 
(as always, proposition 5.1 and item 4 of lemma 5.1 guarantee that the forms are well defined).
The condition £ X i (β) = 0 for i = 1, 2, 3 implies d F β = 0, and there
with X 3 (s i3 ) = 0. Then, plugging equation 5.34 in 5.33, using [X i , X j ] = 0 and using uniqueness (lemma 5.1),
has solution if and only if
Again, applying lemma 5.1,
with X 2 (s i23 ) = 0 and X 3 (s i23 ) = 0, because X 3 (s i3 ) = 0. Then, replacing equation 5.37 in 5.36, using [X i , X j ] = 0 and because of lemma 5.1,
where X 3 (T ij2 ) = X 2 (T ij2 ) = 0 and T ij2 is Taylor flat at Σ 2 . Explicitly,
Once more, applying lemma 5.1,
with X 1 (t ij ) = 0, X 2 (t ij ) = X 3 (t ij ) = 0 and t ij is Taylor flat at Σ 2 , because X 2 (T ij2 ) = X 3 (T ij2 ) = 0 and T ij2 is Taylor flat at Σ 2 . Then, where each T ij ∈ C ∞ F (R 6 ) and is Taylor flat at Σ 1 .
with a analytic distribution F generated by a Williamson basis of type (k e , k h , 0), then the following decomposition holds:
Proof. It remains to prove when the degree is different from 1 and n, since the proofs of theorems 5.1 and 5.2, as mentioned, work for these particular cases.
Applying successively of lemma 5.1, with respect to each X j i (i = 1), gives 
and by uniqueness (lemma 5.1):
with X j 1 (f j 1 ···j k+1 j 2 ···j k+1 ) = 0. Again, applying repeatedly lemma 5.1, for each X j i with i = 1, to the function f
with X j i (g
) = 0, and substituting equation 5.54 in equation 5.53:
) , (5.55) for i = 1, and (5.56)
) .
A priori it cannot be guaranteed that the g's belong to C Following the same procedure for all X j i , i = 3, . . . , k, this yields β(X j 1 , . . . , X j k ) = 0.
This determines all foliated cohomology groups in the analytic case, 
where W k F (R 2n ) is the set of k-forms β ∈ Ω k F (R 2n ) such that £ X i (β) = 0 for all i. Thus, the foliated cohomology groups are given by:
; f j 1 ,...,j k (p) = f (h 1 (p), . . . , h n (p))and f Σ j 1 ∪···∪Σ j k = 0} (5.66) where the right hand side has n k summands.
